Formula for 1D Perfectly Elastic Collisions

Assume that masses m; and m; are moving along the x-axis at velocities v; and v,, respectively.
Then they collide. Conservation of momentum tells us:

mpvy + mpvp; = my V] + mz%
where v indicates a velocity before the collision, and V indicates a velocity after the collision.

Since we are assuming a perfectly elastic collision, it must also be the case that the total kinetic
energies before and after the collision are equal. We have:
%) m1V12 + 15 m2V22 =1 mﬁlz + 15 mQVQZ

We thus have two equations in two unknowns, and the rest is merely algebra. However, let’s write
out the “merely”, since it is a bit involved. To save keystrokes, I will define L = m;/mj, and then |
will divide through both equations by m,. This yields:

momentum equation: UV + Vo = WV + Vo
kinetic energy equation: w? + vot = pv o+ ¥
Regrouping both equations:

1) H(VIZ_ V1)2= \Z V2o

2) Wvi"=Vvi) = Vo' =y

We now note that x> — y2 = (X + y)(x — y), so equation (2) becomes:

3) Wvy + V)(vi— Vi) = (V2 + v2)(Va—Vy)

We can divide both sides of equation (3) by the respective side of equation (1) to get:

4) Vi + Vi = V, + v,, which is a pretty amazing equation, since it tells us that we have a sort-of

conservation of velocity between the two masses.

We then solve equation (4) for V,, and substitute back into equation (1):
5) I.L(Vl — Vl) = (V1 + Vl —V2)—V2 ,0or uvy — HVI = V) + Vl —2v,

A little rearrangement yields Vi = [2vy+ (W — 1)vy]/ (1 + ). Finally, multiplying top and bottom
by m; gives us:

Vi = [2myvy + (my — mp)vi] / (my + my)

Since it is evident that the masses must be symmetric under mirror inversion, we can immediately
write down an expression for the velocity of the second mass*:

Vo = [2myvy + (mp — my)va] / (M + mp)

*This is the pompous sort of thing that physicists say in their publications affer they’ve worked through all the algebra
and realize in retrospect that the solution for the second velocity is the same as the solution for the first velocity, except
with all the subscripts (1,2) reversed.



